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Abstract: The limitations of conventional horizontal cantilever models in capturing gravity-induced axial effects in inclined
structures that influence stiffness and natural frequencies. This study investigates the influence of gravity on the dynamic
behavior of an inclined cantilever beam, with particular emphasis on a 10-m steel beam configuration. Unlike conventional
horizontal cantilever models, structural inclination generates a spatially varying axial compressive force that increases from
zero at the free end to a maximum value at the fixed support. The objective of this study is to analyze how this gravity-
induced axial force distribution affects the natural frequencies and effective stiffness of the beam. To achieve this, a high-
fidelity numerical model was developed in MATLAB, where the beam was discretized into 100 Euler—Bernoulli elements to
capture the gradual variation of axial load and the resulting geometric softening effect. The analytical formulation is based
on the Rayleigh-Ritz method, in which the spatial axial force distribution N(x) is incorporated into the potential energy
expression. The predicted natural frequencies were validated through frequency-domain analysis of the transient response
obtained from numerical simulation. Both analytical and numerical results indicate that, for an inclination angle of 60°, the
first and second natural frequencies are approximately 1.84 Hz and 11.61 Hz, respectively. These results demonstrate that
beam inclination significantly reduces the effective structural stiffness due to gravity-induced geometric softening. The
findings highlight the importance of incorporating spatially varying geometric stiffness in the dynamic analysis, stability

assessment, and vibration-sensitive design of large-scale inclined cantilever structures.
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Introduction

Accurate prediction of natural frequencies is essential
in the dynamic analysis and design of slender structural
elements such as beams, towers, and cantilever systems|[1]—
[3]. The vibrational characteristics of such structures are
primarily governed by the distribution of mass, bending
stiffness, and boundary constraints. In classical vibration
theory, natural frequencies are obtained as eigenvalues of the
governing equations of motion and therefore depend strongly
on structural geometry, material properties, and the loading
conditions acting on the system [4]-[6].

Among structural elements, the cantilever beam
serves as a fundamental model for studying the dynamics of
flexible structures [7]. Within the framework of continuum
mechanics, its vibration behavior is typically described by
partial differential equations incorporating inertia and
bending stiffness effects. Classical analytical solutions
provide the corresponding mode shapes and natural
frequencies that characterize the system response [8], [9].
However, in many conventional beam vibration analyses,
especially for horizontal cantilevers, self-weight is either
neglected or modeled solely as a transverse distributed
load along the beam [10], [11].

In practical engineering, many cantilevered
components operate at an inclination, causing the
gravitational force to deviate from the beam’s principal axes
[12], [13]. From a physical perspective, this inclination
decomposes the gravitational vector into two distinct
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components: a transverse load and an axial force. This axial
component introduces a pre-stress effect that modifies the
effective stiffness of the beam [14]. Consequently, gravity
acts not merely as a static load but as a critical factor that
alters the system's inherent dynamic properties, most notably
its natural frequency spectrum [15].

Recent advances in beam have mainly addressed
specialized beam configurations that differ from a simple
inclined cantilever subjected to self-weight-induced axial
loading. Nonlinear studies on vertical or hanging cantilever
beams have investigated the influence of gravity on internal
resonance, nonlinear coupling, and extreme-amplitude
vibrations [12], [16]. Other investigations have focused on
axially moving beams and related systems, where the
dynamic stability and nonlinear response are governed by
prescribed axial motion, moving loads, elastic foundations,
or hygro-thermal effects[17], [18]. In parallel, axially loaded
beams and frameworks have been analyzed using exact
dynamic-stiffness or frequency-dependent stiffness and
geometric-stiffness matrices, but the axial load is usually
taken as constant (or a simple parameter) and not derived
from a spatially varying gravity component along an inclined
beam [19], [20][19]-[21].

Despite the extensive literature on beam vibration and
axially loaded structures, analytical and numerical studies
that explicitly account for the spatially varying axial force
generated by gravity in inclined cantilever beams remain
limited [22][23]. In particular, the consistent decomposition
of gravity into transverse and axial components along the
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beam length, and the incorporation of the resulting non-
uniform geometric stiffness into the natural-frequency
formulation, have not been sufficiently explored.
Furthermore, the relationship between the theoretical
formulation of such systems and high-resolution numerical
discretization models has not been systematically
investigated.

Therefore, the present study investigates the natural
frequencies of an inclined cantilever beam subjected to self-
weight by explicitly incorporating the gravity-induced axial
force distribution into the governing formulation. A
theoretical framework based on continuum mechanics is
developed using the Rayleigh—Ritz method, in which the
spatial distribution of axial force is included in the potential-
energy formulation to account for geometric stiffness effects.
The analytical formulation is complemented by numerical
simulations using a refined Euler—Bernoulli beam
discretization implemented in MATLAB. Through this
combined theoretical and numerical approach, the influence
of inclination angle and gravitational loading on the modal
characteristics of the cantilever beam is systematically
evaluated.

The results of this study provide new physical
insights into the interaction between gravity-induced axial
forces, geometric stiffness, and the dynamic behavior of
inclined cantilever structures. The proposed framework also
provides a consistent analytical basis for evaluating natural
frequencies in structural systems where inclination and self-
weight play significant roles, thereby supporting the
dynamic design and stability assessment of engineering
structures operating in inclined configurations.

Research Methods
Assumption and model parameter

The dynamic behavior of the inclined cantilever beam
is formulated based on the classical Euler—Bernoulli beam
theory [24]. The beam is assumed to be homogeneous,
isotropic, and linearly elastic, and only small transverse
deflections are considered. Under these assumptions, the
effects of shear deformation and rotary inertia are neglected.
The beam has a length L, density p, cross-sectional area A,
and Young’s modulus E. The bending moment is therefore
taken about the z-axis. For this reason, the flexural rigidity
is expressed as El,, where I, is the second moment of area
about the bending axis. This notation is adopted to ensure
consistency with the beam orientation and to avoid
ambiguity in the definition of the bending stiffness.

Figure 1. Inclined cantilever beam with axial gravitational
load.
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The beam is inclined at an angle 8 with respect to the
horizontal axis, shown in Figure 1. As a result, the
gravitational force produces both transverse and axial
components. The transverse component contributes to
bending deformation, whereas the axial component
generates a distributed axial force along the beam [25]. This
axial force modifies the structure's effective stiffness,
thereby influencing its natural frequencies.

Analytical model

The natural frequency is determined using the
Rayleigh method, which is widely applied in the vibration
analysis of continuous systems [26]. The total potential
energy consists of the elastic bending energy and the energy
associated with the axial force induced by gravity.

The bending strain energy is expressed as:

L 2v(x,0)\ >
Up =2 EL (2229) dx (1)

where v(x, t) denotes the transverse displacement. The axial
force produces an additional strain energy term:

2
Uy =1 YN () (a"(ff)) dx )

a

The kinetic energy of the beam is given by:
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Applying the condition Ty, = Upax, the total potential
energy of the system is therefore:

U=U,+U, “4)

The axial force distribution is obtained from the
equilibrium of an infinitesimal beam element, considering
the component of the self-weight acting along the beam axis.
The distributed weight per unit length is pAg. The
component along the beam axis is determined by the
inclination angle. Integrating the axial component along the
beam length and applying the boundary condition at the free
end leads to [25]:

N(x) = —pAg(L — x)sin(0) 6))

This expression indicates that the axial force varies linearly
along the beam and reaches its maximum magnitude at the
clamped end.

Assuming harmonic motion, the transverse
displacement is expressed as v(x,t) = ¢(x)cos(wt), and
substituting this expression into the energy formulation, the
Rayleigh method yields the following frequency equation:

f(f EIZ(ZZT?)de+f;“N(x)(%)2dx

fy pAd2dx

w? =

(6)

This expression is used to approximate the natural frequency
of the inclined cantilever beam. Alternatively, the governing
equation of motion can be derived from the dynamic
equilibrium of an infinitesimal beam element. This leads to:
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Substituting the axial force distribution results in:

d* . d?
Elz%ix) + pAg(L — x)sm(@)%(zx) = pAw?P(x) (8).
This formulation accounts for the influence of gravity and
beam inclination on the natural frequencies.

Numerical simulation.

To verify the analytical prediction obtained from the
Rayleigh—Ritz formulation, a numerical model of the
inclined cantilever beam was developed. The governing
equation of the system includes a spatially varying axial
force term due to the gravitational component along the
beam axis. This axial force originates from the beam's self-
weight and accumulates along its length, increasing from the
free end toward the fixed support. Consequently, the axial
force becomes a function of the spatial coordinate, leading to
a differential equation with variable coefficients. Such
systems are generally difficult to solve analytically in closed
form, particularly when the axial force varies along the beam
length  variable (L —x). Therefore, a numerical
discretization approach is adopted to enable the dynamic
behavior of the beam to be evaluated computationally [27],
[28].

In this approach, the continuous beam is represented
as a discretized system composed of a finite number of
Euler-Bernoulli beam elements [28]. The beam domain is
divided into 100 elements along its length, allowing the
spatial variation of the gravity-induced axial force to be
represented with sufficient resolution while maintaining
computational efficiency. Each element contributes to the
global mass and stiffness matrices of the structure, resulting
in a matrix-based representation of the beam dynamics.

The axial force distribution derived from the
analytical formulation in Equation 5 is incorporated into the
stiffness formulation to account for the effect of gravity-
induced axial loading on the structural response. The
clamped boundary condition at the fixed end of the cantilever
beam is implemented by constraining both displacement and
rotation degrees of freedom, while the free end remains
unconstrained. This numerical discretization enables the
time-domain vibration response of the inclined cantilever
beam to be simulated and provides an independent
computational framework for validating the natural
frequencies predicted by the analytical Rayleigh—Ritz
formulation.

Simulation procedure

The simulations were carried out for a range of
inclination angles, including both negative and positive
orientations with respect to the horizontal, in order to
investigate the influence of the gravity-induced axial force
on the dynamic behavior of the beam [29]. For each
inclination angle, a small initial perturbation was introduced
to excite the fundamental vibration mode. This approach
ensures that the system undergoes free oscillations without
external forcing, enabling the dominant natural frequency to
be identified. The transverse displacement response of the
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beam was recorded over time at the free end, where the
dynamic response is most significant.

The time-domain data gathered from the numerical
simulations were subsequently processed using the Fast
Fourier Transform (FFT) algorithm in MATLAB. To ensure
high spectral accuracy and prevent aliasing, the sampling
frequency (F;) was carefully derived from the simulation's
fixed time step, enabling precise mapping of the frequency
content. The dominant peak in the power spectral density
(PSD) was taken as the system's fundamental natural
frequency. This frequency-domain approach provides high-
fidelity estimates of the natural frequency and facilitates
direct comparison with analytical predictions from the Euler-
Bernoulli beam theory.

Analytical Validation

The numerical results were compared with the
analytical solution obtained from the Rayleigh—Ritz method.
In this study, the Rayleigh—Ritz formulation employs a
polynomial shape function:

x2(3L—x)

p(x) = CYE )
which satisfies the geometric boundary conditions of a
cantilever beam — zero deflection and zero slope at the fixed
end. The fundamental natural frequency is estimated by
equating the maximum potential and kinetic energies of the
system (Equation 6), where the numerator contains two
contributions: the elastic strain energy associated with
bending, and the potential energy modification due to the
spatially varying axial force in Equation 5. The denominator
represents the system's reference kinetic energy. The three
integrals are evaluated numerically over the beam length for
each inclination angle 0. It is important to note that the
Rayleigh—Ritz method, by virtue of using an approximate
shape function, always provides an upper bound estimate of
the true natural frequency.

The closer the assumed shape function is to the actual
mode shape, the lower — and more accurate — the estimated
frequency. This upper bound property makes the method a
reliable tool for validating the FEM results: if both methods
agree within an acceptable tolerance, it confirms that the
FEM solution has converged to the true solution. This
comparison allows the accuracy of the FEM formulation to
be assessed independently of simulation parameters and
provides physical insight into the influence of geometric
stiffness on the variation in natural frequency with
inclination angle.

Results and Discussion

In structural dynamics, conventional Rayleigh-Ritz
formulations typically assume a uniform axial force along
the beam's span. However, for inclined beams positioned at
an angle 6. This distribution becomes non-uniform due to
self-weight. In the analyzed physical model, the compressive
force at the free end (Point B) vanishes, whereas it reaches
its maximum at the fixed support (Point A) as it bears the
cumulative weight of the entire beam length.

This non-uniformity is mathematically represented in
the potential energy equation, where the axial force N(x)
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remains within the integrand. The definition of N as a spatial
function of (x) signifies that gravitational forces act
differentially at every infinitesimal point along the beam
span, shown in Figure 2. Analytically, solving this governing
equation requires complex integration or the implementation
of Bessel functions to obtain an exact solution.
Consequently, the implementation of discretization serves as
a highly realistic and essential methodology. By partitioning
the beam into 100 discrete elements, the complex variation
in axial force is approximated by assuming a constant force
within each local segment, while allowing for incremental
changes from the fixed support to the free tip. This approach
ensures that the second-order effects of gravity are
accurately captured within the numerical simulation.

Figure 2. The contribution of the axial force N(x) to the
beam stiffness

Numerical modelling was performed in MATLAB to
simulate the dynamic behaviour of a cantilever beam under
inclined conditions. The material used in this study was steel,
with a total beam length of 10 m, an elastic modulus of 210
GPa, and a density of 7850 kg/m*. The beam had a cross-
sectional area of 22.8 x 10~ m? and a second moment of area
of 935 x 10°®* m* shown in Figure 3. The structure was
modelled in an inclined position at 60° relative to the
horizontal plane. This configuration generated an axial
compressive force due to the self-weight component acting
under the gravitational acceleration (g =9.81 m/s?), along the
beam axis. This condition led to a non-uniform axial force
distribution along the beam, thereby affecting the geometric
stiffness and the system's dynamic response.

1 clc; clear; close all;

w
I

13 theta = 60*pi/180;
14 g = 9.81:

16 Le = L/n;

17 m linear = rho*h;

Figure 3. Initialization of the physical and geometric
parameters of the cantilever beam

The frequency spectrum obtained from the simulation
is presented in Figure 4. The spectrum was derived from the
PSD of the free-vibration response of the beam tip, computed
via a Fast Fourier Transform (FFT) of the transverse
displacement time history. The simulation assumes free-
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vibration conditions, initiated by releasing the beam from its
undeformed position toward its static equilibrium under
gravity, with a damping ratio { = 0.02, consistent with the
accepted value for structural steel. Two natural frequencies
are identified from the spectrum: 1.844 Hz and 11.607 Hz.
The first peak is significantly more prominent than the
second. This can be physically explained by two factors:
first, the applied initial condition primarily excites the
fundamental mode; second, higher modes dissipate energy
more rapidly because modal damping is proportional to w,
so the energy of mode 2 dissipates before the PSD is
computed. The system's vibration response is therefore
predominantly governed by the fundamental mode.

Frequency Spectrum (¢ = 60°)

r —T T

f,=1.844 Hz

-20
-40
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f, =11.607 Hz
-80

-100 |

Power/Frequency (dB/Hz)

120
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Frequency (Hz)

1 L

140 L \ |
3 14 15

Figure 4. Frequency spectrum derived from the transverse

free-vibration response of the inclined cantilever beam at

0=600, showing the first and second natural frequencies at
1.844 Hz and 11.607 Hz, respectively

From a physical perspective, the observed
characteristics are strongly governed by the inclusion of the
geometric stiffness matrix (K, ), which captures the second-
order interaction between the axial compressive force and
the beam's transverse deformation, as shown in Figure 2. In
this study, the total structural stiffness is formulated as
Kiotat = Ketastic + K5,  where K,  carries  negative
contributions arising from the compressive axial force
derived from the beam self-weight (gravity). This force
varies linearly along the beam — maximum at the fixed end
and zero at the free end — and reduces the effective lateral
stiffness, a phenomenon known as geometric softening.
Without K;The model would predict the natural frequency
of an idealized beam under no axial load, which, from the
Rayleigh—Ritz estimate, is 1.88 Hz at 6 = 0°. When the
geometric stiffness matrix K, is included, the natural
frequency decreases to 1.844 Hz for an inclination angle of
0 = 60°. This reduction demonstrates that K, Indeed, it plays
a role in lowering the natural frequency, and the developed
FEM model has successfully captured this effect
numerically.

The obtained first natural frequency validated
through comparison with the Rayleigh—Ritz analytical
method using the polynomial shape function, which satisfies
the geometric boundary conditions of a cantilever beam
(zero deflection and zero slope at the fixed end). This shape
function yields 1.871 Hz for 8 = 60° with a relative
difference of approximately 1.47% from the FEM result.
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This small overestimation is consistent with the upper-bound
property of the Rayleigh-Ritz method: since the assumed
shape function approximates the true mode shape, the
method always yields a frequency equal to or greater than the
exact solution. The good agreement between both methods
confirms the validity of the present FEM model in capturing
the dynamic behavior of the inclined cantilever beam. To
further assess this agreement across a broader range of
conditions, the inclination angle 6 was varied from —90° to
+90°, with results summarized in Table 1 and illustrated in
Figure 5.

= Rayleigh-Ritz

1.89 - e Simulation

1.88 -
1.87 -

1.86

Frequency (Hz)

1.85 1

1.84

-1 bO -8IO -t‘lvO -40 -2I0 6 2I0 4IO 6IO 8I0 160
eo
Figure 5. Relationship between the inclination angle (8)
and the first natural frequency of the cantilever beam
obtained using the Rayleigh—Ritz method and numerical
simulation.

Table 1. Comparison of fundamental natural frequency fi
between Rayleigh—Ritz and FEM MATLAB for varying
inclination angle 6

0° Rayleigh-Ritz (Hz) FEM (Hz) Error (%)
-90 1.891 1.863 1.456
-60 1.889 1.862 1.457
-45 1.888 1.860 1.459
-30 1.885 1.858 1.460
0 1.880 1.853 1.465
30 1.875 1.848 1.470
45 1.8731 1.846 1.472
60 1.871 1.844 1.473
90 1.870 1.842 1.475

Figure 5 presents the variation of the fundamental
natural frequency as a function of inclination angle 6 for both
methods. As shown in the figure, the two curves run nearly
parallel over the entire range from —90° to +90°, with the
Rayleigh—Ritz results consistently above the FEM results.
This visual pattern is quantitatively confirmed by Table 1,
which shows a consistent relative difference of
approximately 1.47% across all angles. Both methods exhibit
a clear decreasing trend in natural frequency with increasing
0, which is physically governed by the sin(6)-dependent
compressive axial force N(x), progressively reducing the
effective lateral stiffness through the geometric softening
effect. The fact that the offset between the two methods
remains nearly constant across all inclination angles further
confirms that both approaches capture the same underlying
physical mechanism [29][27]. The consistent agreement
between the analytical and numerical results validates the
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present FEM model across the full range of inclination
angles investigated

Despite the good agreement between the Rayleigh—
Ritz solution and the present FEM model, the results remain
bounded by the assumptions of the Euler—Bernoulli beam
theory. In particular, shear deformation and rotary inertia are
neglected, so the model is strictly valid for slender beams and
low-to-moderate frequency ranges; for stockier beams,
higher modes, or thicker cross-sections, refined beam
theories such as Rayleigh or Timoshenko would be more
appropriate and can noticeably alter the predicted eigen
frequencies [30]-[32]. The present formulation is also based
on small transverse deflections about a pre-buckled
configuration, with geometric nonlinearity incorporated only
through the geometric stiffness matrix K;. At very large
amplitudes, extreme rotations, or near-buckling states,
geometrically exact formulations have been shown to be
necessary to accurately capture hardening/softening
behavior and mode coupling[33].Furthermore, material and
viscous damping are represented by a constant modal
damping ratio, whereas experimental and numerical studies
indicate that damping can depend on amplitude, frequency,
and boundary/interface conditions [34].

Finally, the influence of beam slenderness and
inclination is examined here for a single geometry; varying
the slenderness ratio, cross-sectional properties, or adding tip
masses and elastic supports can significantly modify the
gravity-induced softening trends reported in this work [35],
[36]. Within these limitations, the present Euler—Bernoulli—
based FEM model provides an efficient and sufficiently
accurate tool for capturing the fundamental frequency
variation with inclination for slender, lightly damped
cantilever beams dominated by their first bending mode..

Conclusion

This study confirms that the dynamic behavior of an
inclined cantilever beam is significantly governed by the
interaction between gravitational forces and structural
orientation. The beam inclination generates a spatially
varying axial compressive force, which induces geometric
softening and reduces the effective lateral stiffness.
Numerical results for a slender steel cantilever show that the
natural frequencies decrease as the inclination angle
increases. The close agreement between the Rayleigh—Ritz
analytical solution and the spectral analysis of simulated
transient responses supports the validity of the proposed
model for slender, self-weight-dominated beams in the
small-deflection regime. From an engineering perspective,
these findings are most critical for long, slender cantilevered
components such as masts, antenna booms, sign gantries, and
inclined bridge elements, where self-weight contributes a
significant share of the axial load, and the first bending mode
governs serviceability or vibration-control criteria. Future
work should extend the present framework by incorporating
Timoshenko beam effects to account for shear deformation
and rotary inertia in stockier members, modelling damping
more realistically, and treating large-deflection geometric
nonlinearities beyond the linear K g formulation.
Experimental validation of scaled inclined cantilever
specimens and comparison with advanced nonlinear and
Timoshenko-based models reported in the recent literature
would further delineate the validity range of the current
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assumptions and support safer modelling and design of real
inclined cantilever structures.
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