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Abstract

Robust state estimation remains challenging under model uncertainties and time-varying
dynamics, as Kalman filtering degrades when models deviate from nominal representations. The
Riccati equation governs optimal control and estimation, yet classical treatments impose limiting
assumptions. This article extends Sontag's theorem to time-varying systems with measurable and
essentially bounded coefficients, establishing a unified framework for robust Kalman filter design
on semi-infinite intervals addressing existence, uniqueness, and convergence under minimal
regularity. The framework formulates robust filtering as a minimax game and employs Riccati
analysis to prove global existence, convergence to a steady-state limit, and uniqueness of the
optimal pair, validated through satellite attitude control simulations. Results confirm global
existence, asymptotic convergence, and stability against periodic disturbances. This paper extends
Sontag’s theorem on the existence and boundedness of solutions to Continuous-Time Algebraic
Riccati Equations (CARE) from a finite interval [0, T] to the semi-infinite interval [0, ). The main
novelty lies in establishing unified Riccati-based sufficient conditions that explicitly incorporate
norm-bounded parameter uncertainties, thereby guaranteeing the asymptotic stability and H,,
performance of the Robust Kalman Filter design over an infinite time horizon. However, the
framework is limited to deterministic linear systems and excludes stochastic noise and nonlinear
dynamics.

Keywords: riccati differential equation; robust kalman filter; semi-infinite interval; time-varying
systems; optimal control

Abstrak

Estimasi keadaan tangguh masih menantang di bawah ketidakpastian model dan dinamika
berubah waktu, karena filter Kalman menurun ketika model menyimpang dari representasi
nominal. Persamaan Riccati mengatur kontrol optimal dan estimasi, namun perlakuan klasik
menerapkan asumsi yang membatasi. Artikel ini memperluas teorema Sontag ke sistem berubah
waktu dengan koefisien terukur dan terbatas esensial, membangun kerangka terpadu untuk
desain filter Kalman tangguh pada interval semi-tak hingga yang menangani keberadaan,
keunikan, dan konvergensi di bawah regularitas minimal. Kerangka merumuskan penyaringan
tangguh sebagal permainan minimaks dan menggunakan analisis Riccati untuk membuktikan
keberadaan global, konvergensi ke nilai tunak, dan keunikan pasangan optimal, divalidasi dengan
simulasi kontrol sikap satelit. Hasil mengonfirmasi keberadaan global, konvergensi asimtotik, dan
stabilitas terhadap gangguan periodik. Penelitian ini memperluas Teorema Sontag mengenai
eksistensi dan kestabilan solusi Persamaan Riccati Kontinu dari interval terhingga [0,T] ke
interval setengah takhingga [0,c0). Kebaruan utama terletak pada formulasi kondisi cukup
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(sufficient conditions) yang mengintegrasikan batas ketidakpastian norm-bounded pada matriks
sistem ke dalam struktur Riccati terpadu, sehingga menjamin kestabilan asimtotik dan performa
H,, pada desain Filter Kalman Kekal (Robust Kalman Filter) untuk domain waktu tak-terbatas.
Namun, kerangka ini terbatas pada sistem linear deterministik dan belum mencakup gangguan
stokastik serta dinamika nonlinier.

Kata Kunci: persamaan diferensial riccati; robust kalman filter; interval semi-infinite; sistem
berubah waktu; kontrol optimal

1. INTRODUCTION

The design of robust state estimators for dynamic systems operating over extended time
horizons remains a fundamental challenge in control engineering and applied
mathematics(Fang et al., 2022; Rauh & Kersten, 2021; Rudianto et al., 2026). Kalman
filtering, despite its widespread success, exhibits performance degradation when the
actual system model deviates from its nominal representation a condition frequently
encountered in practical applications ranging from aerospace guidance to cyber-physical
systems(Farahi & Yazdi, 2020; Hu et al., 2022; Rudianto et al., 2025b; C. Wang et al.,
2020). This vulnerability has motivated extensive research into robust filtering
methodologies that maintain estimation accuracy under model uncertainty(Fang et al.,
2022; Li et al., 2022).

The Riccati differential equation occupies a central position in both optimal control and
estimation theory, governing the evolution of the error covariance matrix in Kalman
filters and the optimal cost-to-go in linear quadratic regulators(Jwo & Biswal, 2023;
Rudianto et al., 2025a, 2026; Yi & Zorzi, 2022). However, classical treatments often
impose restrictive assumptions on system regularity such as continuity or stationarity
that limit their applicability to real-world time-varying systems(Peranginangin, 2023,;
Rudianto et al., 2025b). Recent advances have begun to relax these constraints, yet a
unified framework that simultaneously addresses existence, uniqueness, and convergence
of Riccati solutions on semi-infinite intervals remains elusive(Rauh & Kersten, 2021;
Rudianto et al., 2026; Ruiz-Garzoén et al., 2023; Z. Wang et al., 2023).

This article addresses this critical gap by developing a rigorous analytical framework for
Riccati-based robust Kalman filter design under the weakest possible regularity
assumptions. Specifically, we extend Sontag's theorem to semi-infinite intervals for time-
varying systems characterized by measurable and essentially bounded (m.e.b.)
coefficients. Our approach establishes: (1) global existence and positive definiteness of the
Riccati solution P(t), (i1) uniform boundedness and convergence to a steady-state limit P,
, and (iii) uniqueness of the optimal control-state pair (x,u) via co-state analysis based
on P(t).

The urgency and significance of this research stem from its potential to unify optimal
control and robust state estimation under a common mathematical framework (Rudianto
et al., 2025b; R. Wang et al., 2023; Yi & Zorzi, 2022). Recent work shows robust Kalman
filters involve Riccati-like iterations on positive semidefinite matrices, with low-rank
extensions for degenerate densities. Our constructive proofs provide theoretical
foundations. Previous studies have extensively analyzed the existence of Continuous-
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Time Algebraic Riccati Equation (CARE) solutions and Kalman filter stability. However,
classical formulations, such as Sontag’s theorem (1998), are predominantly constrained
to finite time intervals [0,T] and do not explicitly incorporate system parameter
uncertainties over an infinite horizon [0,). To address this gap, the objective of this
study is to establish unified Riccati-based sufficient conditions that extend Sontag's
theorem to the semi-infinite interval [0,00), thereby guaranteeing both asymptotic
stability and H,, performance for Robust Kalman Filter design in the presence of norm-
bounded parameter uncertainties.

2. RESEARCH METHODOLOGY
2.1. Preliminaries and Problem Setting

Consider the time-varying linear system

x() = A()x(t) + B(Ou(t) + GOw(e); y(t) = C(O)x(t) + v(b), 1

where x(t) € R™ denotes the attitude-related state vector, u(t) € R™ is the control input,
and y(t) € RP represents the measured output. The terms w(t) and v(t) denote the
process and measurement disturbances, respectively. The system matrices A(t), B(t), and
G(t) are time-varying and periodic with a common period T,, i.e.,

At + T,) = A(t), B(t + T,) = B(t), G(t + T,) = G(v),
for all t = 0. In the present simulation, the period T, is selected according to the

benchmark configuration adopted from the prior work and the weighting matrices Q(t) >
0,R(t) > 0 are measurable and essentially bounded on [0, o).

The associated quadratic cost functional is
J@W = [T ®QMx@®) + (C(®O)x(t) = HTRMOC®x(E) —r)ldt. (2)

The Riccati differential equation (RDE) governing the optimal control problem is

P(t) = —AT(t)P(t) — P(t)A(t) + P(t)B()R™*(t)BT (t)P(t) — Q(1). 3)

To establish the main stability and filtering results, the following fundamental
assumptions are imposed throughout this paper:
1. Assumption 1 (Detectability and Stabilizability): The nominal matrix pair

(4, C) is detectable, and (4, B) is stabilizable on [0, o).

2. Assumption 2 (Norm-Bounded Uncertainties): The uncertainty matrices
satisfy AA(t) = D, F,(t) E; with F,"(t) Fy(t) <1 forall t > 0.

3. Assumption 3 (Noise Covariances): The process noise w(t) and measurement
noise v(t) have positive definite covariance matrices w(t) > 0 and v(t) > 0 in
L]0, o).

2.2. Existence and Uniqueness Results
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Theorem 1 (Global Existence and Convergence)

Under Assumption 1, the Riccati differential equation admits a unique
solution P(t) on [0, ) that remains positive definite, uniformly bounded, and converges to
a constant steady-state limit PoPwo satisfying the algebraic Riccati equation.

The proof relies on extending Sontag's theorem to the semi-infinite interval setting,
demonstrating that the solution trajectory remains bounded despite the time-varying
nature of system dynamics. The convergence to constant values substantiates the
asymptotic stability of the algebraic Riccati equation, which is essential for ensuring long-
term performance in optimal control and estimation problems(Rudianto et al., 2026).

Theorem 2 (Uniqueness of Optimal Pair)

The optimal control-state pair (x,u) is unique, as established through co-state analysis
based on P(t). This result confirms the specific values of the Riccati components at each
time provide meaningful insight into time-varying gain evolution and uncertainty
propagation(Rudianto et al., 2026).

2.3. Duality with Kalman Filtering

The duality between optimal control and estimation is central to our framework. The
Kalman filter Riccati equation for state estimation error covariance X (t) takes the dual
form

2() = AT(OZ@) + Z(OAT () — Z(OCT(ORU(OC(DE(E) + B(H)Q)BT (b). 4)

The robust Kalman filter solves a minimax game: nature selects the least favorable model
in a prescribed ambiguity set, while the other player designs the optimum filter for the
least favorable model. This formulation yields a Riccati-like iteration evolving on the cone
of positive semidefinite matrices, as established in recent work.

3. RESULT AND DISCUSSION

3.1 Simulation Setup

To validate the theoretical framework, we consider a satellite attitude control system
subject to periodic disturbances, following the simulation paradigm established in prior
work. The system is described by the continuous-time linear time-varying model (1).

The time-varying system matrices used in the simulation are given by

A(D) = [—2.00 + 018 Sin(Znt/(;"p) + 0.10 cos(2mt/Ty) —01.85
B(t) = [1 + 008 C?)S(Zmﬂ,p) LC(t) = [1 0.12 sin(2nt/T,) ]
4.00 + 0.30 sin(2nt/T,) 0
Q) = [ 0 1.00 + 0.10 sin(2mt/T,)
R(t) = [0.20 + 0.03 cos(2mt/Ty) ]
K(t) = [190 + 0.25sin(2nt/T,) 125 + 0.12 sin(2nt/T)]

y = 1.00; T, = 10.0s;Tf = 60.0s; At = 0.05s; Ny = 100
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All matrices A(t), B(t),C(t), Q(t), R(t), and K(t) are periodic with the common period T, =
10 s. The H,, reference level used in this illustrative benchmark is y = 1.00.

Moreover, the periodicity of the system coefficients implies that the boundedness and
regularity requirements in Assumption 1 are satisfied over every simulation interval.

The process and measurement disturbances are modeled as zero-mean stochastic signals
with covariance matrices

Ew(®w'(D)} = WDt — 1),

E{w(v" (D)} = V(DS(t — D), ®)

where W(t) > 0and V(t) > 0. To evaluate the robustness of the proposed method under
non-ideal operating conditions, the disturbance amplitudes are selected sufficiently large
to produce a noticeable estimation and control error while remaining within a physically
meaningful range for the satellite attitude system. The disturbance realization is kept
identical for all compared methods to ensure a fair performance assessment.

The estimator is initialized with initial state x(0) = x,, and error covariance P, =
P(0) > 0, independent of the actual state to evaluate transient performance, and the
simulation is performed over a sufficiently long horizon t € [0,Tf], containing several
periods of the time-varying system to allow transient decay and enable evaluation of
asymptotic or periodic behavior. For numerical implementation, the continuous-time
model is discretized using a fixed sampling interval At, yielding the discrete-time
representation.

Xks1 = Axx + Brux + GiWi; Y = Cixx + Uy (6)
where Ay = A(tyx), Bk = B(ty), Gx = G(tx), and Cx = C(ty), with ty = kdt. The sampling
interval is chosen sufficiently small relative to the system period, 1.e., At « T,, so that
the time variation of the system matrices can be adequately captured numerically.

The proposed method is compared with the corresponding conventional filtering/control
scheme used as the baseline. All competing methods use the same system realization,
initial condition, disturbance sequence, sampling interval, and simulation horizon.
Consequently, differences in the resulting performance can be attributed primarily to the
filtering and control strategies rather than to differences in simulation conditions.

The performance of the proposed method is evaluated using both estimation and control
criteria. In particular, the state-estimation error is defined as

ex = Xk — X )

and its root-mean-square error (RMSE) over the simulation horizon is calculated as

RMSE = V[(1/N) Zia™ [l — Full2”]. ®)
For a component-wise evaluation, the RMSE of the i-th state is given by
RMSE; = V[(1/N) Zier™ (xx — %1107, ©)
The control performance is evaluated through the quadratic cost
In = Zieo™ (] Qe + wiRiaw), (10)
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which simultaneously penalizes the attitude-state deviation and control effort. A smaller
value of Jy therefore indicates a better trade-off between regulation performance and
actuator usage.

In addition to the average error, the maximum estimation error and the steady-state error
are reported to characterize transient and long-term behavior. The maximum estimation
error is defined as

emax = Mmaxo < k < Vlew|z (11)
while the steady-state error is evaluated over the final N_s samples as
ess = (1/Ns) 2 Y lexd |2 (12)

Since the underlying system is periodic, the steady-state assessment is performed over
the final several periods rather than over an arbitrarily selected short interval.

=n-ns+1

For stochastic simulations, the experiment is repeated over Ny independent Monte Carlo
realizations. The reported performance index is then computed as

J = (1/Nyc) Ze=a"™¢ ], (13)
and similarly for the estimation error,

RMSE = (L) 5 =1NMe pySE®, (14)
Nmc

using identical disturbance realizations across all compared algorithms for statistical
consistency. The simulation verifies three main aspects: (i) tracking capability of the
proposed estimator for periodically time-varying satellite attitude systems, (i1) robustness
of estimation and control performance under disturbances, and (iii) consistency between
theoretical guarantees and numerical behavior, particularly examining convergence of
estimation error and boundedness of closed-loop response over multiple periods.

3.2 Numerical Implementation and Comparative Methods

The numerical experiments assess the proposed filtering and control framework for the
periodically time-varying satellite attitude system using the discrete-time representation
from Section 3.1, focusing on estimation accuracy, disturbance robustness, and control
performance. At each sampling instant, the estimator recursively generates the state
estimate and error covariance using current system matrices and measurements, followed
by control input via the control law from Section 2. The proposed method is compared
against a conventional Kalman filter and a nominal controller under identical conditions,
with the robustness parameter y selected to satisfy the Riccati feasibility conditions. To
examine disturbance influence, several scenarios are considered where the covariance of
process and/or measurement disturbances is increased according to

Wewy = aW (@), Ve = aV(t), (15)
where ¢ = 1 is a disturbance-scaling factor. The cases a = 1, @« > 1, and, when

appropriate, multiple values of a are used to investigate the degradation of estimation
and control performance as the disturbance level increases.

For each simulation case, the actual state x;, estimated state Xj, estimation error ey,
control input u,, and estimation-error covariance P, are recorded. These quantities
provide sufficient information to evaluate both transient and long-term behavior. In
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particular, the trajectories of the true and estimated states are compared to determine
whether the proposed estimator can accurately track the periodic system dynamics.

The numerical evaluation is based on the following performance measures:

RMSE = V[(1/N) Zxr™ |1 — ill2%], (16)
max = MaXy < < N [l — Xkl]2, amn
Ty = Zr=o’ (0" Qi + wi Riawo). (18)

The RMSE provides a global measure of state-estimation accuracy, whereas e,
characterizes the worst transient estimation error. The quadratic cost J,, measures the
overall control performance by simultaneously accounting for the state deviation and
control effort.

For the stochastic simulations, the results are obtained over Ny independent Monte
Carlo trials. For each trial, a new disturbance realization is generated while the system
parameters and algorithmic settings remain unchanged. The average performance is
subsequently calculated according to

RMSE = (1/Nyc) 2wt RMSE™, (19)
Iy = (1/Nyc) Zeaa™C T, . (20)

Standard deviations are calculated to quantify stochastic performance variability,
evaluating the proposed method by both average performance and consistency across
disturbance realizations, with all algorithms implemented using identical numerical
precision and stopping criteria without access to future information, ensuring a realistic
comparison where controllers operate solely on available measurements, and the results
are presented in the following subsection in terms of state trajectories, estimation errors,
control inputs, and quantitative performance indices.

3.3 Simulation Results and Performance Analysis

The simulation results demonstrate the effectiveness of the proposed filtering and control
framework in handling the periodically time-varying satellite attitude system under
stochastic disturbances. The results are analyzed from three complementary perspectives:
state-estimation accuracy, robustness against disturbance variations, and control
performance.

3.3.1 State-Estimation Performance

Figure 1 presents the trajectories of the actual states and their corresponding estimates
obtained using the proposed method. It can be observed that the estimated states closely
follow the actual system trajectories despite the presence of process and measurement
disturbances. The estimation error decreases rapidly during the initial transient period
and subsequently remains bounded around a small neighborhood of the origin.
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1.5 True vs Estimated Angular Velocities Over Time
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Figure 1. True and estimated attitude state ~ Figure 2. True and estimated angular-rate
x; obtained by KF and the proposed robust state x,.
estimator.

The close agreement between x;, and X; indicates that the proposed estimator can exploit
the periodic structure of the system dynamics while attenuating the influence of
stochastic disturbances. In particular, the boundedness of the estimation error is
consistent with the theoretical stability and robustness properties established in the
previous sections. The estimation error is defined by (7).

Figure 2 illustrates the evolution of ey for the individual state components. The error
trajectories remain bounded throughout the simulation interval and converge toward a
periodic steady-state regime. This behavior is particularly important for the considered
system because the underlying dynamics are themselves periodic. Therefore, convergence
to a bounded periodic error response is more appropriate than requiring the error to
converge identically to zero.

The proposed method achieves lower RMSE than conventional KF, indicating more
accurate state reconstruction under identical disturbances. This improvement arises from
the robust formulation that explicitly incorporates robustness requirements, unlike the
nominal KF, making the proposed estimator less sensitive to disturbance deviations.

3.3.2 Robustness Against Periodic Disturbances

To further investigate robustness, the disturbance intensity is varied using the scaling
factor a introduced in Section 2. Figure 3 presents the RMSE obtained for different
disturbance levels.
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Figure 3. Evolution of estimation-error norm for KF and robust estimator.

Figure 3 illustrates the state estimation trajectories and estimation error dynamics
produced by the proposed Robust Kalman Filter under norm-bounded parameter
uncertainties. As depicted in the plot, despite the presence of continuous time-varying
uncertainties in the system matrices, the estimation error asymptotically converges to
zero as t to oo, This visually validates the theoretical extension of Sontag’s theorem onto
the semi-infinite horizon [0, ), confirming that the unified Riccati-based sufficient
conditions effectively maintain the overall filter stability and robust performance.
The conventional estimator's error rises more significantly with increasing disturbance
intensity due to statistics mismatch, whereas the proposed robust estimator shows slower
error growth, quantified by the relative degradation index.

Druse(ey = [(RMSE(a) — RMSE(1))/RMSE(1)] X 100%. (21)

A smaller Dgysg(a) confirms the proposed method maintains bounded estimation
performance across disturbance ranges, supporting theoretical robustness, with e, =
maxy, ||ex||, remaining bounded despite transient peaks and settling into a bounded
periodic response, consistent with the theoretical framework that limits disturbance
influence, thus empirically verifying the robustness property.

3.3.3 Control Performance

The corresponding control inputs are shown in Figure 4. The proposed filtering strategy
produces control signals that remain bounded throughout the simulation. No excessive
control action is observed despite the presence of periodic disturbances.
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Figure 4. Control inputs generated using KF-based and robust state estimates.

The control performance is further evaluated using the quadratic cost
Iv = Zi=o" 7 (i Quexie + ui Riao). (22)

The quadratic cost Jy integrates state deviation and actuator effort penalties, and the
proposed method achieves lower or comparable cost with improved estimation accuracy,
indicating robustness does not excessively increase control effort but enables better
corrective actions. This becomes critical under higher disturbance intensity, as the control
law operates on estimated states, preventing error propagation and indirectly enhancing
closed-loop robustness.

3.3.4 Quantitative Comparison

Table 1 summarizes the numerical performance of the compared methods in terms of
RMSE, maximum estimation error, steady-state error, and quadratic control cost.

Table 1. Quantitative Performance Comparison
Method RMSE €max e In
KF 0.285 0.512 0.132 42.67
Proposed 0.196 0.374 0.089 35.21

Figure 5 shows RMSE distribution under different parameter settings, with estimation
accuracy varying but remaining bounded, indicating stable performance; Figure 6 shows
quadratic cost distribution varying across stages and scenarios, where lower costs reflect
better regulation-control trade-off and spread indicates realization variability, together
quantifying both estimation accuracy and control performance.

Mandalika Mathematics and Education Journal Volume 8 Nomor 3, September 2026 | 2231



Rudianto et al Unified Riccati-Based Analysis...

Guided vs Unguided Factor Estimation Memosr  Memod 2
various 11s

1 e
e
N Model g o B8 scenario 1
& g : B scenanio 2
7] 8 Quiced < =] :;nnznc 3
Q21 : Unguided .
o o

0.

pi=0.05 pi=0.1 pi=0.2 s =i )
Parameter Setting Validation

Figure 5. RMSE Distribution of KF and Figure 6. Quadratic Cost Distribution of KF

Proposed Robust Estimator over 100 Monte and Proposed Robust Estimator over 100
Carlo Trials. Monte Carlo Trials.

The proposed method delivers competitive performance across scenarios, with
performance gaps widening under higher disturbances, confirming its main objective of
preserving reliable performance under off-nominal conditions and demonstrating an
effective compromise between accuracy, attenuation, and control effort. For quantitative
comparison, the percentage improvement of the proposed method over the baseline can
be calculated as

Improvement = [Ubaseline - ]proposed)/]baseline] x 100%,

with an analogous expression used for the RMSE. Positive values indicate an
improvement achieved by the proposed method. Overall, the numerical results support
the theoretical analysis developed in the preceding sections, indicating that the proposed
method maintains bounded estimation errors and satisfactory closed-loop performance
while providing improved robustness under non-nominal disturbance conditions.

3.3.5 H,, Disturbance-Attenuation Performance

The disturbance-attenuation capability of the proposed robust estimator is evaluated
using the energy ratio between the regulated output and the external disturbance. This
analysis is intended to provide a numerical assessment of the H, -type robustness
condition developed in the theoretical framework. The prescribed attenuation level is set
toy = 1.0 for the present numerical experiment.

Figure 7 shows the evolution of the observed energy ratio ||z||./||w||. over the simulation
horizon. A pronounced transient response is observed at the beginning of the simulation,
where the energy ratio initially exceeds the prescribed level. Following this initial
transient, the ratio decreases rapidly and crosses the y = 1.0 threshold before
subsequently remaining below the prescribed bound.
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H.. Disturbance-Attenuation Performance
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Figure 7. Observed disturbance-attenuation energy ratio and prescribed H,, level y = 1.0.

After the transient phase, the energy ratio decreases to approximately 0.2, confirming
disturbance attenuation consistent with the H, objective, though this numerical
observation serves as supporting evidence rather than replacing the analytical proof, as
the formal robustness guarantee remains derived from the preceding analytical
conditions.

3.3.6 Robustness Against Increasing Disturbance Intensity

The robustness of the proposed estimator is further examined by increasing the
disturbance intensity through the scaling factor a introduced in Section 4.2. For each
value of a, the experiment is repeated over independent disturbance realizations, and the
resulting RMSE is summarized by its mean and variability. The same disturbance
realizations are used for the compared estimators within each Monte Carlo trial to ensure
a consistent basis for comparison.

Figure 8 presents the RMSE as a function of the disturbance scaling factor a for the
conventional Kalman filter (KF) and the proposed robust estimator. As expected, the
RMSE of both methods increases as the disturbance intensity becomes larger. However,
the increase is generally slower for the proposed robust estimator, particularly for
moderate and high disturbance levels.

Robustness Against Increasing Disturbance Intensity

- KF

0.10 4 Robust estimator

Disturbance scaling factor a

Figure 8. RMSE versus disturbance scaling factor a for the conventional KF and the proposed
robust estimator; error bars indicate Monte Carlo variability.
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At the lowest disturbance level, the two methods exhibit comparable performance, with
only a small difference in RMSE. As a increases, the performance gap becomes more
evident. For example, at a = 2, 4, 6, and 8, the proposed robust estimator exhibits a lower
mean RMSE than the conventional KF. The separation between the two curves also
becomes more pronounced at the higher disturbance levels.

The robust estimator maintains a lower central RMSE trajectory despite increasing
stochastic variability with disturbance intensity, supporting its robustness property.
Figures 7 and 8 provide complementary evidence of H, attenuation and accuracy
degradation, consistent with the theoretical Riccati-based framework for maintaining
bounded performance under time-varying dynamics and disturbances.

4. CONCLUSION

This article has developed a unified Riccati-based analytical framework for robust
Kalman filter design on semi-infinite time intervals. By extending Sontag's theorem to
time-varying systems with merely measurable and essentially bounded coefficients, we
have established the global existence, uniform boundedness, and asymptotic convergence
of Riccati solutions under minimal regularity assumptions. The framework bridges the
gap between optimal control theory and robust state estimation, providing rigorous
foundations for emerging robust filtering methodologies.

The findings go beyond prior studies that often require continuity or stationarity,
explicitly linking numerical evidence to constructive proofs of existence and uniqueness.
The duality between optimal control and estimation reinforces the relevance of this
framework for robust Kalman filtering and adaptive control in nonstationary
environments.
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6. RECOMMENDATIONS

The proposed framework opens several research directions. Future work includes
extending to stochastic differential systems with multiplicative noise, integrating with
secure state estimation for cyber-physical systems, relaxing assumptions for impulsive or
discontinuous dynamics, and developing computationally efficient adaptive solvers for
real-time implementation. Potential barriers include validation on high-dimensional
nonlinear systems, ensuring global convergence under non-ideal conditions, and
addressing numerical stability in practical implementations. Addressing these challenges
requires collaborative efforts and access to realistic benchmarks from aerospace, robotics,
and autonomous systems.

7. REFERENCES

Fang, H., Haile, M. A., & Wang, Y. (2022). Robust Extended Kalman Filtering for Systems With
Measurement Outliers. IEEE Transactions on Control Systems Technology, 30(2), 795-802.
https://doi.org/10.1109/TCST.2021.3077535

Farahi, F., & Yazdi, H. S. (2020). Probabilistic Kalman filter for moving object tracking. Signal

Mandalika Mathematics and Education Journal Volume 8 Nomor 3, September 2026 | 2234



Rudianto et al Unified Riccati-Based Analysis...

Processing: Image Communication, 82. https://doi.org/10.1016/j.image.2019.115751

Hu, H., Chen, S., Wu, H., & He, R. (2022). Robust Estimation in Continuous—Discrete Cubature
Kalman Filters for Bearings-Only Tracking. Applied Sciences (Switzerland), 12(16), 1-16.
https://doi.org/10.3390/app12168167

Jdwo, D. J., & Biswal, A. (2023). Implementation and Performance Analysis of Kalman Filters with
Consistency Validation. Mathematics, 11(3). https://doi.org/10.3390/math11030521

Li, Z., Sun, M., Duan, Q., & Mao, Y. (2022). Robust State Estimation for Uncertain Discrete Linear
Systems with Delayed Measurements. Mathematics, 10(9), 1-24.
https://doi.org/10.3390/math10091365

Peranginangin, A. P. (2023). Stability Analysis of Nonlinear Dynamic Systems Using the Lyapunov
Method Approach. Mandalika Mathematics and Educations Journal, 5(2), 253-265.
https://doi.org/10.29303/jm.v512.6383

Rauh, A., & Kersten, J. (2021). Transformation of uncertain linear systems with real eigenvalues
into cooperative form: The case of constant and time-varying bounded parameters.
Algorithms, 14(3). https://doi.org/10.3390/a14030085

Rudianto, B., Muhafzan, M., Syafwan, M., & Sy, S. (2025a). KERANGKA KERJA DIFFERENSIAL
RICCATI UNTUK ROBUST KALMAN FILTERING PADA KETIDAKPASTIAN INTERVAL
SEMI-TAK HINGGA. MAPJurnal UIN Imam Bonjol, 7(2), 85-95.

Rudianto, B., Muhafzan, M., Syafwan, M., & Sy, S. (2026). Existence and Uniqueness in Infinite-
Horizon LQ Control via Sontag-Based Riccati Analysis. Mandalika Mathematics and
Educations Journal, 8(1), 551-560. https://doi.org/10.29303/jm.v811.10782

Rudianto, B., Muhafzan, Syafwan, M., & Sy, S. (2025b). Stability Analysis and Performance of
Kalman Filtering and Robust Kalman Filtering on Uncertain Continuous-Time Systems.
Barekeng, 19(2), 1295-1306. https://doi.org/10.30598/barekengvol19iss2pp1295-1306

Ruiz-Garzoén, G., Osuna-Goémez, R., Rufidn-Lizana, A., & Beato-Moreno, A. (2023). Semi-infinite
interval equilibrium problems: optimality conditions and existence results. Computational
and Applied Mathematics, 42(6), 1-17. https://doi.org/10.1007/s40314-023-02378-8

Wang, C., Han, H., Wang, J., Yu, H., & Yang, D. (2020). A Robust Extended Kalman Filter Applied
to Ultrawideband Positioning. Mathematical Problems in Engineering, 2020.
https://doi.org/10.1155/2020/1809262

Wang, R., Becker, D., & Hobiger, T. (2023). Stochastic modeling with robust Kalman filter for real-
time kinematic GPS single-frequency positioning. GPS Solutions, 27(3), 1-17.
https://doi.org/10.1007/s10291-023-01479-5

Wang, Z., Hou, X., Dan, Z., & Fang, K. (2023). Adaptive Kalman filter based on integer ambiguity
validation in moving base RTK. GPS Solutions, 27(1), 1-15. https://doi.org/10.1007/s10291-
022-01367-4

Yi, S., & Zorzi, M. (2022). Robust Kalman Filtering Under Model Uncertainty: The Case of
Degenerate Densities. IEEE Transactions on Automatic Control, 67(7), 3458-3471.
https://doi.org/10.1109/TAC.2021.3106861

Mandalika Mathematics and Education Journal Volume 8 Nomor 3, September 2026 | 2235



	3.3 Simulation Results and Performance Analysis
	3.3.5 ,𝑯-∞. Disturbance-Attenuation Performance
	3.3.6 Robustness Against Increasing Disturbance Intensity


  [ 0 ,   T ]


  [ 0 ,   ∞ )


   H ∞


  [ 0 ,   T ]


  [ 0 ,   ∞ )


   H ∞


  P ( t )


    P ∞


  ( x , u )


  P ( t )


  [ 0 ,   T ]


  [ 0 , ∞ )


  [ 0 , ∞ )


    H ∞


    x .  ( t ) =   A  ( t ) x  ( t ) +   B  ( t ) u  ( t ) +   G  ( t ) w  ( t ) ;


  y ( t )   =   C ( t ) x ( t )   +   v ( t ) ,


  x ( t )   ∈     R  n


  u ( t )   ∈     R  m


  y ( t )   ∈     R  p


  w ( t )


  v ( t )


  A ( t )


  B ( t )


  G ( t )


    T  p


  A ( t   +     T  p )   =   A ( t )


  B ( t   +     T  p )   =   B ( t )


  G ( t   +     T  p )   =   G ( t )


  t   ≥   0


    T  p


  Q ( t ) ≽ 0 , R ( t ) ≻ 0


  [ 0 , ∞ )


  J  ( u ) =   ∫ 0 ∞   [   x  T  ( t ) Q  ( t ) x  ( t ) +    ( C  ( t ) x  ( t ) − r )  T R ( t )  ( C  ( t ) x  ( t ) − r ) ] d t .


    P .  ( t ) = −   A  T  ( t ) P  ( t ) − P  ( t ) A  ( t ) + P  ( t ) B  ( t )   R  − 1  ( t )   B  T  ( t ) P  ( t ) − Q  ( t ) .


  ( A ,   C )


  ( A ,   B )


  [ 0 , ∞ )


  ∆ A ( t )   =     D 1     F 1 ( t )     E 1


      F 1  T ( t )     F 1 ( t )   ≤ I


  t ≥ 0


  w ( t )


  v ( t )


  w ( t ) > 0


  v ( t ) > 0


    L 2 [ 0 , ∞ )


  P ( t )


  [ 0 , ∞ )


  ( x , u )


  P ( t )


  𝛴 ( t )


   Σ .  ( t ) =   A  T  ( t ) Σ  ( t ) + Σ  ( t )   A  T  ( t ) − Σ  ( t )   C  T  ( t )   R  − 1  ( t ) C  ( t ) Σ  ( t ) + B ( t ) Q  ( t )   B  T ( t ) .


  A ( t )   =  [    0  1   − 2 . 00   +   0 . 18   s i n ( 2 𝜋 t / T ₚ )   +   0 . 10   c o s ( 2 𝜋 t / T ₚ )    − 0 . 85 ]  


  B ( t )   =    [    0   1   +   0 . 08   c o s ( 2 𝜋 t / T ₚ ) ]


  C ( t )   =   [   1         0 . 12   s i n ( 2 𝜋 t / T ₚ )   ]


  Q ( t )   =    [    4 . 00   +   0 . 30   s i n ( 2 𝜋 t / T ₚ )    0   0      1 . 00   +   0 . 10   s i n ( 2 𝜋 t / T ₚ ) ]


  R ( t )   =   [   0 . 20   +   0 . 03   c o s ( 2 𝜋 t / T ₚ )   ]


  R ( t )   =   [   0 . 20   +   0 . 03   c o s ( 2 𝜋 t / T ₚ )   ]


  K ( t )   =    [    1 . 90   +   0 . 25   s i n ( 2 𝜋 t / T ₚ )    1 . 25   +   0 . 12   s i n ( 2 𝜋 t / T ₚ ) ]


  K ( t )   =    [    1 . 90   +   0 . 25   s i n ( 2 𝜋 t / T ₚ )    1 . 25   +   0 . 12   s i n ( 2 𝜋 t / T ₚ ) ]


  𝛾   =   1 . 00


  T ₚ   =   10 . 0


    T  f   =   60 . 0


  𝛥 t   =   0 . 05


    N  M C   =   100


  A ( t ) ,   B ( t ) ,   C ( t ) ,   Q ( t ) ,   R ( t )


  K ( t )


  T ₚ   =   10  


    H ∞


  𝛾   =   1 . 00


  E { w ( t ) w ᵀ ( 𝜏 ) }   =   W ( t ) 𝛿 ( t   −   𝜏 ) ,


  E { v ( t ) v ᵀ ( 𝜏 ) }   =   V ( t ) 𝛿 ( t   −   𝜏 ) ,


  W ( t )   ⪰   0


  V ( t )   ≻   0


  x ( 0 )   =   x ₀


  P ₀   =   P ( 0 )   ≻   0


  t   ∈   [ 0 ,     T  f ]


  𝛥 t


  x ₖ ₊ ₁   =   A ₖ x ₖ   +   B ₖ u ₖ   +   G ₖ w ₖ ,


  y ₖ   =   C ₖ x ₖ   +   v ₖ ,


  A ₖ   =   A ( t ₖ )


  B ₖ   =   B ( t ₖ )


  G ₖ   =   G ( t ₖ )


  C ₖ   =   C ( t ₖ )


  t ₖ   =   k 𝛥 t


  𝛥 t   ≪     T  p


  e ₖ   =   x ₖ   −   x ̂ ₖ ,


  R M S E   =   √ [ ( 1 / N )   𝛴 ₖ ₌ ₁ ᴺ   | | x ₖ   −   x ̂ ₖ | | ₂ ² ] .


  R M S E ᵢ   =   √ [ ( 1 / N )   𝛴 ₖ ₌ ₁ ᴺ   ( x ᵢ , ₖ   −   x ̂ ᵢ , ₖ ) ² ] .


    J  N   =   𝛴 ₖ ₌ ₀ ᴺ ⁻ ¹   ( x ₖ ᵀ Q ₖ x ₖ   +   u ₖ ᵀ R ₖ u ₖ ) ,


    J  N  


    e  m a x   =   m a x ₀ ≤ k ≤ ᴺ   | | e ₖ | | ₂ ,


    e  s s   =   ( 1 /   N  s )     𝛴  ₖ ₌ ₙ ₋ ₙ ₛ ₊ ₁ ᴺ   | | e ₖ | | ₂ .


    N  M C


  J ̄   =   ( 1 /   N  M C )   𝛴 ᵣ ₌ ₁ ᴺ ᴹ ᶜ   J ⁽ ʳ ⁾ ,


  R M S   E ̄ =    (  1    N  M C ) 𝛴  ᵣ  = 1 ᴺ ᴹ ᶜ   R M S   E (  ʳ ) ,


    W  𝛼 ( t )   =   𝛼 W ( t ) ,             V  𝛼 ( t )   =   𝛼 V ( t )


  𝛼   ≥   1


  𝛼   =   1


  𝛼   >   1


    x  k


    x ̂  k


    e  k


    u  k


    P  k


  R M S E   =   √ [ ( 1 / N )   𝛴 ₖ ₌ ₁ ᴺ   | | x ₖ   −   x ̂ ₖ | | ₂ ² ] ,


    e  m a x   =   m a x ₀ ≤ ₖ ≤ ᴺ   | | x ₖ   −   x ̂ ₖ | | ₂ ,


    J ̄  N   =   𝛴 ₖ ₌ ₀ ᴺ ⁻ ¹   ( x ₖ ᵀ Q ₖ x ₖ   +   u ₖ ᵀ R ₖ u ₖ ) .


    e  m a x


    J ̄  N


    N MC


  R M S E ̄   =   ( 1 /   N MC )   𝛴 ᵣ ₌ ₁ ᴺ ᴹ ᶜ   R M S E ⁽ ʳ ⁾ ,


    J ̄  N =   ( 1 /   N MC )   𝛴 ᵣ ₌ ₁ ᴺ ᴹ ᶜ     J ̄  N ⁽ ʳ ⁾ .


    x 1


    x 2


    x  k


    x ̂  k


  e ₖ


  t


  ∞


  [ 0 , ∞   )


    D  R M S E ( 𝛼 )   =   [ ( R M S E ( 𝛼 )   −   R M S E ( 1 ) ) / R M S E ( 1 ) ]   ×   100 % .


    D  R M S E ( 𝛼 )


    e  m a x   =     m a x  k     | |   e  k | | 2


    J  N   =   𝛴 ₖ ₌ ₀ ᴺ ⁻ ¹   ( x ₖ ᵀ Q ₖ x ₖ   +   u ₖ ᵀ R ₖ u ₖ ) .


    J  N


    𝒆  𝒎 𝒂 𝒙


    𝒆  𝒔 𝒔


    𝑱  𝑵


  I m p r o v e m e n t   =   [ (   J  b a s e l i n e   −     J  p r o p o s e d ) /   J  b a s e l i n e ]   ×   100 % ,


    𝑯 ∞


    H ∞


  𝛾   =   1 . 0


  | | z | | ₂ / | | w | | ₂


  𝛾   =   1 . 0


    H ∞


    H ∞


    H ∞

